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Classical Radiation Formula in the Rindler Frame 

Tom HirayamaO 

Department of Physics, Kyoto Sangyo University, Kyoto 603-8555, Japan 

In a preceding paper [T. Hirayama, Prog. Theor. Phys. 106 (2001), 71], the power of the 
classical radiation emitted by a moving charge was evaluated in the Rindler frame. In this 
paper, we give a simpler derivation of this radiation formula, including an estimation of the 
directional dependence of the radiation. We find that the splitting of the energy-momentum 
tensor into a bound part I and an emitted part II is consistent with the three conditions 
introduced in the preceding paper, also for each direction within the future light cone. 

§1. Introduction 

In a preceding paper, 0* we calculated the power of the classical elecromagnetic 
radiation emanated from a moving point charge in the Rindler frame, which is a 
linearly and uniformly accelerated frame in Minkowski spacetime and also interpreted 
as a rest frame with a static homogeneous gravitational field, a The power was 
evaluated in terms of the energy defined by the Killing vector field that generates 
the time of that frame. We found that the power is proportional to the square of 
the acceleration of the charge relative to the Rindler frame [see Ref. |l]) or §[| 
of this paper for the definition of a^]. This result was interpreted as providing a 
picture in which the concept of radiation depends on the reference frames or motion 
of observers, 0 and we discussed it in relation to the old paradox concerning the 
classical radiation emitted from a uniformly accelerated charge. EP’lIP 

In the conventional treatments, radiation is identified with reference to the region 
sufficiently distant from the charge. (In the case of the Rindler spacetime, this region 
would correspond to the future horizon.) Actually, the well-known Larmor formula 
and the above mentioned radiation formula in the Rindler frame are obtained by 
integrating the energy in that region. However, Rohrlich and Teitelboim proposed 
another approach, 0’ll’0 in which the radiation can be identified at an arbitrary 
distance from the charge, without reference to the asymptotic zone. This provides 
a picture of radiation as an emission of something by a charge, which begins to 
exist immediately after emission. This approach consists of splitting the energy- 
momentum tensor of the retarded field into an emitted part II and a bound part I, 
which can be done in a natural way using the usual splitting of the retarded field 
into the acceleration part and the velocity part.Et’la) 

Similarly, we found in Ref. [I]) that a natural splitting of the energy-momentum 
tensor into an emitted part II and a bound part I exists in the Rindler frame. This 
splitting was realized by splitting the retarded field into a part linear in a^ and a 
part independent of oP. The emitted nature and bound nature of these parts were 
confirmed in the sense that they satisfy the following three conditions: HP 
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1. A charge fixed in the Rindler frame does not radiate. 

2. The emitted part propagates along the future light cone with an apex on the 
world line of the charge, in the sense that the energy of this part does not damp 
along the light cone. 

3. The bound part does not contribute to the energy in the region —> oo, where 
r] is the time coordinate in the Rindler frame and the limit is taken along the 
future light cone with an apex on the world line of the charge. 

The main purpose of this paper is to present a simpler derivation of the radiation 
formula in the Rindler frame by using retarded coordinates, which are often 
used to simplify the calculation of retarded quantities around a charge. Simplification 
also results from the relation expressed in Eq. (2-9), in which we can characterize 
the distance between the charge and the future horizon in terms of the null vector 
w 11 , the vector which played a key role in Ref. |I|). In this calculation, the angular 
dependence of the radiation is also represented obviously in the integrand of the 
equation. 

In Ref. [l]), the consistency of splitting the tensor into I and II with three con¬ 
ditions was confirmed only after integration over the angular dependence. In this 
paper, we confirm this consistency for each solid angle element. This procedure is 
again simplified with the aid of Eq. (2-9). In these calculations, we use the solid 
angle defined in the inertial frame. This is reasonable because the limit in which 
the radiation is identified should be taken along the light ray (null geodesic) that 
emanates from the charge, and the angular coordinates in the inertial frame are con¬ 
stant along this light ray. It is also pointed out that the radiative energy per solid 
angle is nonnegative, as would be expected in natural identification of radiation. 

Throughout this paper, we use Gaussian units and the metric with signature 

(~ ) +> +j +)■ 


§2. Simple derivation of the radiation formula 

In this section, we calculate the power of the radiation in the Rindler frame by 
using retarded coordinates, which are defined as follows. For a point p (with 
coordinates x M ), the retarded point p (with coordinates is defined as a point on 
the worldline of a point charge that satisfies the conditiono 

r |i = x |i -x ,l , ( 2 - 1 ) 

= 0, x b > x l , (2-2) 

expressed in an inertial frame (t, x, y, z ). We define the retarded time r of a point p 
as the proper time of a charge at the retarded point p. The retarded distance p is 
defined as p = — v ■ r, where v denotes the 4-velocity of the charge at the point p. 
Then we can specify an arbitrary point in the spacetime by the coordinates r and p 
and the angular coordinates 0 and ip defined in an inertial frame. 

We use r ^ and p throughout this paper, insted of R^ and R used in Ref. |lj) 
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We now introduce a ray vector AT = r^/p, which has the properties k ■ k = 0 and 
k ■ v = —1. This vector does not depend on p, and it is expressed as k M = AT(r, 9, ip). 
The volume element dS^ of the 3-dimensional plane X orthogonal to the vector N^ 
is calculated in Appendix [A], and the result is 

d^ = -^p 2 drdf2 o, (2-3) 

where dfi o is the solid angle element of the inertial frame with time axis v^ [see 
Eq. (A-8)]. 

For the inertial coordinates ( t,x,y,z ), the Rindler coordinates (p,x,y,^) are 
given by t = £ sinli r/ and z = £ cosh 7/, with the metric ds 2 = —^ 2 dp 2 +dx 2 +dy 2 +d^ 2 . 
We can define the energy in the Rindler frame with respect to the time-like Killing 
vector held AT which is proportional to the heldtJ 


d d d 
dp Z dt ^ dz 

The Rindler energy over the region X is given by 


E [x ,e\ = ~ J dX^T^, 


(2-4) 


(2-5) 


where T IW is the energy-momentum tensor of the electromagnetic held. For free 
helds, conservation of this quantity is confirmed by the Killing equation V ^X v + 
X U X^ = 0 and Gauss’s theorem [see §2.1 of Ref. |])]. 

We consider two closely positioned points p and p' on the worldline of the charge 
(see Fig. 1). Let AL be a region that is bounded on two future light cones with 
apexes p and p'. Let cr{rj) be the intersection of AL with a surface of simultaneity 
p = [constant]. In the following, we determine the radiation emitted by a moving 
charge in the Rindler frame by evaluating the Rindler energy of the retarded held in 
the region a(rj —> oo). 

We here note the relation 


X ■ k = X ■ k, (2-6) 

which is satished on the future light cone with the apex p, where X^ is the value of 
AT evaluated at p. We can prove this relation for general Killing helds in Minkowski 
spacetime as follows. We can write /TV= 0, because /T is independent of p. 
This equation and the Killing equation = —X V X^ lead to ATV ^(X ■ k) = 0. 

Thus X ■ k is constant along the ray vector that emanates from p. 

The volume element for cr(p) is obtained from Eq. (2-3) by using AT for AT. 
Therefore, from Eqs. (2-5) and (2-6), the Rindler energy over the region can be 
expressed as 

E [X ,o( V ), ret] =dT [ d^J—X^X^r, (2-7) 

J a(rj) A • K 

We here note that the Killing held X = vd/dp represents a time coordinate in the Rindler 
frame normalized by the proper time of a Rindler observer fixed at £ = v~ x . 
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Fig. 1. The radiation in the Rindler frame is evaluated with respect to the energy in the region 
lim^^oo a(y). To identify the emitted and bound parts of the Maxwell tensor properly, we 
introduce three conditions concerning the behavior of these parts along the future light cone. 


where T re is the energy-momentum tensor of the retarded field generated by the 
charge. Except in the direction of z, or the £ axis, the region <r(r/ —> oo) arrives at 
the future horizon H + . Therefore, we now derive two formulae giving the values of 
p and Xv at H + , in order to evaluate the value of the integrand in Eq. (2-7) in that 
region. 

Let us consider a null vector w^ = ( g ■ g + g 11 , which plays a key role 
in defining the bound and emitted parts of the Maxwell tensor in Ref. [I]). Here 
= \X ■ X\~ 1 / 2 X^\p and = \X ■ X\~ 1 X u V u X ll \p represent the 4-velocity and 
the 4-acceleration of the Rindler observer at the point p , respectively. We here note 
that throughout this paper, is considered at the point p. In the inertial frame 
(' t,x,y,z ), w 11 is written 

{w\vf, W y,w z ) = ^—-{ 1 , 0 , 0 , 1 ). ( 2 - 8 ) 

The contraction of this quantity with the vector gives 

r-X+^V = “I, (2-9) 

which is obtained by substituting z = t, which holds for the future horizon H + . To 
avoid confusion caused by our unfamiliar notation, we here note again that w^ is 
evaluated at p, not at H + . 

For an inertial frame with time axis t^, where is a future-directed vector 
and = —1, we introduce the retarded distance p = —r^t^ and the ray vector 
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F = r^/p. Equation (2-9) divided by the retarded distance p\n+ gives 


1 

P 


H+ 




( 2 - 10 ) 


On the other hand, if a vector w/ /J ' satisfies p~ 1 \h+ = ~ w ' fJ 'l fl , then w'v = w 
because we can choose four independent ray vectors IF that emanate from p, and 
the contractions of these four vectors with w'v uniquely determine all components of 
the vector w' il . From this equation, we find that the distance between the observer 
and the event horizon F[ + is charactarized by a unique vector w and that this 
expression is the same for any inertial frame, i.e., independent of the choice of F. 

For the inertial frame with the time axis v ,Jl . Eq. (2-10) reduces to 


1 

P 


H+ 




( 2 - 11 ) 


Using this equation and noting that X^\ H + oc we find that X^/p\ H + = —(w ■ 
k)X fl \ H + = —(X ■ k)\H+uF. From Eq. (2-6), we obtain the formula for evaluating 
XV at H+, 


X^ 


P 


H+ 


-{X ■ k) W v. 


( 2 - 12 ) 


Now we can evaluate the radiative power in the region Fd + by using Eqs. (2-11) 
and (2-12) in Eq. (2-7) in the limit r] —> oo, with the explicit form of T re ^ given as 
[see Eq. (A-17) in Ref. [I]) or Eq. (2.7) in Ref. ||), and also Eq. (3-2) in this paper.] 


T re r = T u ,iv +T u r + Tn, ir, 

WW - {yVk u + kv v u ) - ^rT , 

—tTi i\V v = -L[2 (a ■ k)k^k u - (a • kWh” + P/) - (aW + kPa v )], 
e z ’’ p J 

e Z pZ 



(2-13) 

(2-14) 

(2-15) 

(2-16) 


where yV and av are the 4-vector and the 4-acceleration of the charge evaluated 
at the retarded point p. First, let us consider the contribution from T\\V V . From 
Eqs. (2-12) and (2-14), we find 


p 2 An 
X -he 2 


Tu^X^X, 


H+ 


p\X • k)%T^ 


(X ■ k)u> ■ k(w ■ k 
(. X-k ) \(w± -kf 




H+ 


— 2v ■ w) 

- [w_ L • W_ j_) 


(2-17) 


Here w_\_v = h ll I/ w LJ , where hF v = 8 ,J y + yVy v is the projector onto the plane orthogonal 
to yV. We hnd, similarly, for Tpn^, 


p 2 An 
X-k~e 2 


Ti, YTXpXv 


= 2{X ■ k)[a ■ w± — (a ■ k)w_ j_ • k] (2-18) 


H+ 
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To determine the contribution from Tn.n Mi/ , it is not necessary to use the formulae 
(2T1) and (2T2), because this contribution is independent of the distance p from 
the charge, and therefore we do not need to consider quantities in the region H + . 
From Eqs. (2T6) and (2-6), we obtain 


p 2 47T 
X ■ kl? 


T„,i 


(X ■ k ) (a • k ) 2 — a ■ a 


(2-19) 


for the region < 7 ( 77 ) with arbitrary 77. 

In Eqs. (2-17) and (2-18), we have evaluated the integrands in the region H + . 
However, we should also evaluate these quantities in the region I + , defined by the 
limit 77 —> 00 along the light ray parallel to the z axis. In this case, the limit 77 —► 00 
is equivalent to the limit p — > 00. Estimating the p dependence of p 2 T\^ lv X^X v and 
p 2 Ti.u l ‘ 1 'X^Xu in this direction, we find that these quantities disappear in I + . On 
the other hand, the right-hand sides of Eqs. (2T7) and (2T8) are equal to zero for 
k^ directed forward I + , and we thus confirm that these equations can be extended 
to the region I + . 

Combining Eqs. (2-17)—(2-19), we obtain the angular dependence of the radiated 
power, 


lim E 1 

77 —>00 




ret] = - lim [ dX ll X v T rei tw 

V-*™ Ja(n) 


—dr fdQ 0 (X-k) \(a-k ) 2 
47T J L 


— a ■ a 


( 2 - 20 ) 


where a^ = h^ u {a u — w u ) = — w_\_^. By using the formulae 


^^ 0 ^ = 0 , j dQok^k^k^ = 0 , j df2 0 k ± fM k ± u = ( 2 - 21 ) 

where k±^ = h fJ, u k u = k^ the total radiated energy in the Rindler frame is 

obtained as 


2 e 2 

^}^ E [x,cT( v ),Tet] = -^^a^-X ■ v)dr. 


( 2 - 22 ) 


At the instant that the charge is at rest in the Rindler frame (where = id 1 ), 
we have a 11 = — g^ 1 . Therefore aT should be interpreted as the acceleration of 

the charge relative to the Rindler frame. 01 We find from Eq. (2-22) that radiation is 
generated in the Rindler frame if and only if the charge deviates from the trajectory cH 
ct^ = 0 . 


§3. Bound and emitted parts of the Maxwell tensor 

We have treated the situation in which the electromagnetic field surrounding the 
moving charge is expressed by the retarded field, which is given as [see Eq. (2.3) in 

We here note the result obtained in Ref. [I]) that a charge governed by the equation a M = 0 
exhibits hyperbolic motion in an inertial frame, while it comes to rest in the Rindler frame in the 
infinite future. 
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Ref. g)] 

F ret ^ = FT+ Fjr, 

P 2 

F = -a ■ k(v^k u - k»v v ) + -(aW - A^a"), (3-1) 

P P 

where F d' 1 ' and F n /tiy behave as ~ p~ 2 and ~ p -1 , respectively. In conventional 
treatments in inertial frames, the former part is interpreted as being bound to the 
charge, and the latter as being emitted from the charge. By using this splitting, 
Teitelboim split the energy momentum tensor into the form (see Eqs. (2-14)-(2-16)) 


T ret ^ = T + T n^", 

T = T + T T/^Tn/ 17 , (3-2) 


where the emitted part T is composed of the held F n^, while the bound part 
T includes the pure F j til/ part (denoted by T pi^) and the interference between 
F f v and F U IW (denoted by Tpn^).! 

We now note that the radiation formula given in Eq. (2-22) resembles the Larmor 
formula, where the a^ dependence in the latter is replaced by a^ dependence in the 
former. In analogy to the dependence found in the splitting (3-1), we introduced 
the following splitting of the held for the Rindler frame [see Eq. (2-36) in Ref. [I])]: 


F re r = F^ + F~^, 

Ff v = 4 {vW - kW) + -w ± ■ klv^k” - k»v v ) + ~(w^k v - k»w ± u ), 


P~ 


P 


F~^ = -a ■ k(v»k v - Wv v ) + -(a^k u - WcT). 
11 P P 


(3-3) 


Here, the hrst part is independent of while the second part is linear in oF. 
This splitting inplies the following splitting of the energy-momentum tensor into the 
emitted part T and the bound part Ty^" [Eq. (2-37) in Ref. [[])]: 


T^ v = T-P tv + T 


flU 


II 


= T _ ^ v _i_ T _ 

I I,I ^ I,II ' 


(3-4) 


Here, the emitted part T is composed of the held F j^ iV , while the bound part 
T includes the pure F y^ part (denoted by T yy /i1 ') and the interference between 
F^ u and F (denoted by T~~^ v ). The explicit forms of these parts are 

—ryT 1 yy^ = 4[1 + (w ■ r) 2 + 2 (w ■ r) — 2p{w ■ r)(v ■ w) — 2 p(v ■ w)]r^r u 
e ’ p 

-4(1 + w-r)[uV' + r / V'] - ^K^+rV] - ~4 9^, (3-5) 

P P ^P 

^rT~~^ v = 1 [(a • r){l + w ■ r — p(v • tc)} — p 2 (w ■ a)]r A V 1 ' 

gZ 1,11 pO 
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~{a • r)[/r v + r»v v ) - y[a^r u + rV], (3-6) 

%T = ![(«■ r ) 2 - f?{a ■ a)}r 'V'. (3-7) 

e p 

Note that these expressions are independent of, linear in, and quadratic in a^, re¬ 
spectively. We here note that the emitted and bound parts of the energy-momentum 
tensor are conserved separately, 


y^Tf v = 0, V ;i T ~ ,JU = 0, (3-8) 

off the world line of the charge. [See Eqs. (2-38c) and (2-39c) in Ref. |lj). A simple 
derivation of these equations is given above Eq. (2-26) in that reference.] 

As mentioned in §||, the validity of identificating these parts as the bound and 
emitted parts was confirmed by applying the three conditions introduced in Ref. [I]) . 
However, that was accomplished only after the angular integration of the Rindler 
energy over < 7 ( 77 ). In the following, we show that the three conditions hold also for 
each element of solid angle. 

Condition 1 for each direction is confirmed trivially, because the tensor in Eq. (3-7) 
itself disappears when = 0, which includes the case that the charge is fixed in the 
Rindler frame .til We now consider Condition 2, using analysis similar to that used 
in the inertial case (see section 4 of Ref. !))• For a 4-dimensional region S with a 
boundary dS, we have a conservation law for the tensor satisfying = 0 within 

the region S, 



dE ll X u T lw = 0 , 


(3-9) 


where dE^ is the volume element of dS. This relation can be demonstrated using the 
Killing equation and Gauss’s theorem [see Eq. (2-1) in Ref. |lj)]. Let us consider the 
segment df2 0(7/1) of < 7 ( 7 / 1 ) and the segment <H?o(?/2) of <7(7/2) constituting the same 
solid angle dfi®. Then, applying the conservation law (3-9) to the region between 
dfi 0(7/1) and dS ^0(7/2) specified by different times 7/1 / 7/2, and noting X V T oc k 
we obtain 


E [x,dn ob?i),n] E [x,d^o(m),^Y ^ 3 ’ 10 ' 1 

This equation shows that Condition 2 holds for each element of solid angle. We 
can also confirm that the radiative energy in each direction is nonnegative, because 
p 2 (a ■ a) — (a ■ r ) 2 > 0 in Eq. (3-7), and therefore the Rindler energy density of the 
part II is always nonnegative. 

Next, we examine Condition 3 for each direction. Except in the direction of the 
z axis, this is simplified by using Eq. (2-9) again. The angular dependence of the 
Rindler energy is given in Eq. (2-7). Hence, by noting X^\^+ oc w^, we find that 
it is sufficient for our purpose to confirm T-^ W \ H +W[j,w u = 0. We can confirm this 


If one prefers to identify the radiation simply by the asymptotic definition without using the 
above splitting, it can be verified by noting that the integrand of Eq. (2-20) disappears when = 0. 
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relation by contracting Eqs. (3-5) and (3-6) with w^ 1 and applying Eq. (2-9). For 
the direction of the z axis, we find w^r^ = 0, because of w^ oc rA We can make 
the calculation somewhat simpler by using this relation and Eq. (2-6). Finally, we 
obtain p 2 T~^ w X^X^ ~ p _1 and p 2 T~~ ,JV X^X^ ~ p” 1 in the z direction. Therefore, 
we find that these contributions disappear in the region I + . From these results in 
H + and I + , we find that Condition 3 holds for each element of solid angle. 

§4. Conclusion 

We have obtained a simpler derivation of the radiation formula in the Rindler 
frame by using retarded coordinates, which are often used to simplify the integration 
of retarded quantities around a charge. Simplification also results from Eq. (2-9) or 
Eq. (2T1), with which we can characterize the distance between the charge and the 
future horizon by the vector w the vector which played a key role in the analysis of 
Ref [l|). In the retarded coordinates, we can also express the angular dependence of 
the radiation. Then, we have confirmed that the splitting of the energy-momentum 
tensor into the bound part I and emitted part II satisfies the three conditions (see 
glj) also in each element of solid angle. 
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Appendix A 

Retarded Coordinates 


In this appendix, we calculate the volume element of the 3-dimensional plane X 
orthogonal to the vector N^ given in Ea (2-3). We start with describing the general 
properties of the retarded coordinates. EP’EiJ* 

The direction of k^ is invariant when t is varied with 9 and <p fixed. This 
invariance is expressed as <9 AT/dr oc k} 1 . This property and differentiation of k ■ v = 
— 1 with respect to r lead to 


dk M 

!fr 


(k ■ a)fc M , 


(A-l) 


where a^ = dv^/dr is the 4-acceleration of the charge. Using this, the total derivative 
of + pAT gives 


cfaT = [ v M + p(r ■ a)AT]dr + ATdp + p[kgd6 + k£d(p\, (A-2) 

where kg = dk^/dO and k£ = dk^/dcp. 

From k ■ k = 0 and k ■ v = —1, we obtain the orthogonality relations ke ■ k = 
k^ ■ k = kg ■ v = k<p ■ v = 0. We can also set kg ■ kp = 0, since from Eq. (AT) we get 

Q 

-Q^( k e ■ = 2 (k ■ a)(kg ■ kp), 


(A3) 
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so that, if we set (kg ■ k^) = 0 at one time, it holds for all time. Now, we also 
set k^_ = h IJ v k u = — v^, where /;/(, = 8^ v + v^v u is the projector onto the plane 

orthogonal to We find that k± ■ k± = 1 and that A, kj_, kg and k£ constitute 
an orthogonal basis. 

We now calculate the volume element of the 3-dimensional plane £. For any 
displacement within the plane, we find N^dxp = 0. From this and Eq. (A-2), we 
obtain 

d rX^ = (V - dr, 

d(jx 11 = (kj) - pd9 , 

d v x fl = - N n k * k ^ pdtp, (A-4) 

where d r x M is the displacement within £ when r alone varies, and dgx 11 and d^x^ are 
displacements within £ when 0 and ip alone vary, respectively. The volume element 
d£^ of £ is given by 

d£ n — £fiv\pdrX dgx d^x^ , (A*o) 


where e^ v \ p is the Levi-Civita permutation symbol. From Eq. (A-4), we have 

/ N ■ k 

d£p = p 2 drdQ dtp [e^x, p v u kgk^ - p v v k$k p 

- ■ (A-6) 

The first term on the right-hand side of this relation is orthogonal to A, kg and kQ, 
and therefore it is proportional to kj_. Similarly, the second, third and fourth terms 
are proprtional to /c(f, kg and k^ respectively. Proportionality factors are obtained 
by contraction with kj_, k£, kg and AT. We find 


d£^ = p 2 dTdf2o 


_ N-k v k£ _ N-kg k% N ' v h u 

k± ■ k _l N ■ k k v ■ kp N ■ k kg ■ kg N ■ k 


(A-7) 


where 


dfi [o = e A p V pV X k^k v gkPpdedp (A-8) 

is the solid angle element for the inertial frame with time axis tA In Eq. (A-5), 
the volume element d£ fl is assumed to be orthogonal to the plane £. This can be 
verified by rewriting in terms of the orthogonal basis A, kj_, kg and k£, and 
comparing the result with Eq. (A-7). Finally, we obtain Eq. (2-3). 
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